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For each positive integer k, we consider the set A k of all ordered pairs [a, b] such that in every 
k-graph with n vertices and m edges some set of at most am + bn vertices meets all the edges. We 
show that each A k with k > 2 has infinitely many extreme points and conjecture that, for every 
positive e, it has only finitely many extreme points [a, b] with a _> e. With the extreme points 
ordered by the first coordinate, we identify the last two extreme points of every Ak, identify the last 
three extreme points of A3, and describe A 2 completely. A by-product of our arguments is a new 
algorithmic proof of Tur~n's theorem. 

1. The problem 

A k-graph is an ordered pair (V, E)  such tha t  V is a finite set and E is a set of 
distinct k-point subsets of V. The elements of V are the vertices of the k-graph and 
the elements of E are the edges of the k-graph. We reserve the letters n and m for 
the number  of vertices and for the number  of edges, respectively, of a k-graph H,  
and similarly for ni, mi,  H/. A transversal (or a cover or a blocking set) in a k-graph 
is a set of vertices tha t  meets all the edges; we let "r(H) denote the smallest size of 
a transversal in a k-graph H.  

A problem of Turs  [6] can be s ta ted as the problem of determining the smallest 
t ( n , m ,  k) such tha t  every k-graph H with n vertices and m edges has T(H)  <_ 
t(n,  m,  k). Trivially, t(n,  m,  1) = m. Tu r in  [5] evaluated t(n,  m,  2); the case of k _> 3 
remains unsolved. This is hardly surprising as Turs  problem subsumes other 
notoriously difficult combinatorial  problems: for instance, t ( l l l ,  111,100) _> 3 if and 
only if a projective plane of order 10 exists. (To see this, consider any 100-graph H 
such tha t  H -- (V, E)  with IV] = IEI = 111; define H* to be the l l - g r a p h  (V, E*) 
such tha t  A �9 E* if and only if V - A �9 E.  Now T(H) ~ 3 if and only if every 
two points of V lie in a common edge of H*, which is the case if and only if H* is a 
projective plane of order 10.) 

We propose an easier variation on Turs  theme: for each fixed k, we consider 
the set A k of all ordered pairs [a, b] of real numbers  such that  

t(n, m, k) ~ am + bn. 

To put  it differently, we consider all theorems asserting that ,  for some fixed k, a, b, 
every k-graph H with n vertices and m edges has 

T(H) (_ am + bn; 
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strongest theorems of this kind are in a one-to-one correspondence with extreme 
points of A k. We show that each A k with k >_ 2 has infinitely many extreme points 
(Theorem 4.1) and conjecture that, for every positive e, each has only finitely many 
extreme points [a, b] with a _> ~ (Conjecture 4.2). When the extreme points of A k are 
ordered by their first coordinate, [1, 0] is trivially the last extreme point; we prove 
that 

Lk/2J 1 ] 
L3k/2J' L3k/2] 

is the next-to-last extreme point of every A k with k _> 2 (Theorem 6.2) and that 
[1/6, 1/3] is the next-to-next-to-last extreme point of A3 (Theorem 6.3). In addition, 
we describe A2 completely (Theorem 5.1). A by-product of our arguments is a new 
algorithmic proof of TurAn's theorem (Theorem 3.1). 

2. A sequence  o f  po in t s  in Ak 

Lemma 2.1. Let k, d be positive integers and let a, b real numbers; write 

k ( 1 - b ) - a d  ~ = l _ 5 ( d + l ) .  
5 -  ( k - 1 ) d + k '  

I f  [a, b] E Ak and a > 5 > 0 then [5, t)] E Ak. 

Proof. We wish to prove that T(H) <_ 5m + bn for all k-graphs H; for this purpose, 
we shall use induction on n. If m <_ dn /k  then, since a > ~ and d(a - 5) = k(b - b), 
we have am + bn <_ 5m + bn; since T(H) <_ am + bn by assumption, we conclude 
that ~(H) _< 5m + t)n. If m > dn /k  then some vertex v in H is included in at least 
d + 1 edges; by the induction hypothesis, and since 5 :> 0, we have T(H -- V) 
5 ( m -  d -  1) + b ( n -  1) = 5 m +  b n -  1; and so 

T(H) < 1 + T(H -- v) < 5m + b'n. 

Theorem 2.2. I f  k, d are positive integers and 

d-1 ( k -  1)i 
a =  H k' 1 - a e  

i = l  

then [a, b] e A k. 

Proof. By induction on d, using Lemma 2.1. (Since the empty product equals 1 by 
definition, the basis of the induction amounts to observing that [1, 0] E Ak.) | 
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3. T u r ~ n ' s  theorem 

A 2-graph is called simply a graph. Theorem 2.2 with k -= 2 asserts that  every 
graph H has 

m d - 1  
T(H) < ~ + -~--~n 

for all positive integers d. A special case of this inequality is worth stating on its 
o w n .  

Theorem 3.1. Ira graph H with n vertices has ~-(H) > t for some nonnegative integer 
t then it has at  last (d+l)t  -- (d)n edges with d =  Ln/(n-t)j. ! 

Note that  ( d + l ) t -  (d)n with d = [ n / ( n - t ) J  is the number of edges in the graph 
on n vertices that  consists of n - t vertex-disjoint cliques of sizes as nearly equal as 
possible; hence the bound of Theorem 3.1 is best possible. Note also that  a graph 
H with n vertices has r ( H )  _> t if and only if it has no more than n - t pairwise 
nonadjacent vergices. Hence Theorem 3.1 is nothing but the celebrated theorem of 
Tur in  [5]. Actually, our proof of Turgn's theorem is algorithmic; we shall return to 
the algorithm in Section 7. 

4. Extreme points of A k 

Since every 1-graph with n vertices and m edges has m < n, we have t(n, m, 1) = m 
and 

Al = {[a,b] c R2 : a + b >_ l, b_>0}; 

to avoid this trivial case, we shall assume that  k _> 2 from now on. Since 

and t ( n , ( n k ) , k )  = n - k + 1  t ( n , l , k ) =  l 
\ \ / /  

whenever n _> k, :we have a _> (), b > 0 whenever [a, b] e Ak. To put it differently, 
Ak is a subset of the nonnegative quadrant R 2. Note that  Ak + R 2+ = Ak and that  
[0, 1] �9 Ak, [1, 0] �9 Ak; note also that  Ak, being the intersection of closed half-planes 
(one half-plane for each k-graph), is a closed convex set. 

Recall that  a point of a convex set is called extreme if it is not the midpoint of 
any line-segment that  joins two distinct points in the set. Let conv(S) denote the 
convex hull of a set S and let Ek denote the set of all extreme points of A k. It  is 
well known that  every compact convex set is the convex hull of its extreme points; 
it follows easily that  

A k = conv(Ek) + R 2 + -  

I n  this sense, determining A k reduces to determining E k. 
The purpose of this section is to point out that  each E k (with k > 2) is infinite. 

Theorem 4.1. For every integer k greater than one and for every positive r there is 
a point [a, b] in E k such that 0 < a <_ e. 

Proof. Assume the contrary: there is a positive r such that  A k has no extreme point 
[a, b] with 0 < a _< ~. Letting C denote the intersection of A k and the rectangle 
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defined by 0 < a < E, 0 < b < 1, observe tha t  C has precisely three extreme points, 
namely, [0, 1], [e, 1], and [e, 1 - tel for some positive t. It follows tha t  b > 1 - ta 
whenever 0 <_ a _< E and [a,b] E A k. Now choose an integer d such tha t  d_> 2, 
d > l / e ,  d > t, and set 

Note tha t  

a 

a ---- 

d - 1  (___k --  1) i  

k - 1 ~ i  2 (k - 1)(i + 1) 

( k - l ~ d - - - 1 )  + k  i=l -(k----i-~+k 

(k - 1) 1 
< ( k - 1 ) ( d - 1 ) + k  < d '  

and so 0 < a < E. Since b < 1 - ta, we conclude tha t  [a, b] ~ Ak, contradict ing 
Theorem 2.2. I 

Theorem 4.1 implies tha t  A k is not  a polyhedron.  However, it is conceivable 
tha t  A k is nearly a polyhedron: perhaps [0, 1] is the only accumulat ion point of E k. 

Conjecture 4.2. For every positive integer k and for every positive E, only finitely 
many points [a, b] in E k have a > E. I 

In the following two sections, we provide meagre evidence in support  of this 
conjecture: the assertion holds t rue  for k = 2 (and all c), it holds t rue for E = 1/3 
(and all k), and it holds t rue for k = 3, E = 1/6. 

5. Al l  e x t r e m e  p o i n t s  o f  A2 

The  purpose of this section is to  completely describe A2 in two different ways. 

Theo rem  5.1. Write 

E* = {[2 /d(d+ 1 ) , ( d -  1 ) / ( d +  1)1: d = 1 , 2 , 3 , . . . }  U {[0,11}. 

For every point [a, b] in R 2, the following three statements axe equivalent: 
(i) [a, b] e A2, 

(ii) (~)a + n b  >_ n - 1 for all positive integers n, 

(iii) [a, b] E c o n v ( E * ) +  R2+. 

Proof .  To see tha t  (i) implies (ii), subst i tu te  the  clique on n vertices for H in the 
inequality ~-(H) < am + bn. 

To prove tha t  (ii) implies (iii), consider an arbi t rary  point [a, b] tha t  satisfies (ii); 
let t ing n tend to infinity, note tha t  a > 0; setting n = 1, note tha t  b > 0. If b > 1 
then (iii) holds as [0, 1] E E*; if 0 < b < 1 then there are a positive integer d and a 
real number  t such tha t  0 < t < 1 and 

d - 1  d 
b = t ~ - - ~  + ( 1 -  t) d +  2" 

But  then (ii) with n = d + 1 gives 
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2 2 
a >_ td(d+ 1) + (1 - t ) (d+ 1) (d+  2)'  

and so (iii) holds again. 
To see that  (iii) implies (i), note that E* C A2 by Theorem 2.2. | 

Equivalence of (i) and (iii) guarantees that E2 C_ E*, and so Conjecture 4.2 holds 
true for k = 2 and all e. 

Actually, E2 = E*; to show this, we shall rely on a simple observation (which 
will be used again in the next section). Let us say that a point [a, b] in A k is tight 
at a k-graph H if T(H)  = am + bn. The observation goes as follows: 

if a point [a, b] in A k is tight at k-graphs H1, H2 with m l / n l  r m2/n2 then 
[a, b] E E k. 

(To see this, note first that all [a I, b r] in Ak have almi + blni >_ T(Hi) for both 
i = 1, i = 2.) In particular, each point 

[2/d(d + 1), (d - 1)/(d + 1)] 

belongs to E2 since it is tight at the clique on d vertices and at the clique on d + 1 
vertices; point [0, 1] belongs to E2 simply because A2 C_ R 2 and because [0, b] E A2 
implies b _> 1 (by the equivalence of (i) and (ii) in Theorem 5.1). 

6. T h e  n e x t - t o - l a s t  e x t r e m e  p o i n t  o f  A k 

Our main result goes as follows: 

Theorem 6.1. / f  H is a k-graph with n vertices and m edges then 

Lk/2Jm + n T(H) <_ 
[3k/2J 

Proof. By induction on n. If a vertex v is included in at least three edges then, by 
the induction hypothesis, 

- Lk/2Jm + n T(H -- v) < Lk/2J(m - a) + (n 1) < 1, 
- [3k/2] - [3k/2J 

and we are done as T(H) <_ 1 + r (H - v). Hence we may assume that  each vertex of 
H is included in at most two edges. If p vertices are included in precisely one edge 
and q vertices are included in precisely two edges then p + q _< n, p + 2q = kin, and 
so 

q > _ k m - n .  
Now consider the multigraph G whose vertices are the edges of H and whose edges 
correspond to the q vertices of H that are included in preciaely two edges of H: if a 
vertex of H belongs to edges e and f of H then the corresponding edge of G joins 
vertices e and f of G. A theorem of Shannon [4] asserts that every multigraph of 
maximum degree k is edge-eolorable by [3k/2J colors; it follows that our multigraph 
G has a matching S such that 

ISl _ ql[3kl2J >_ (kin - n)IL3kl2J. 
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Since S, seen as a set of vertices of H,  meets 21S I edges of H ,  we have 

k m  - n Lk/2] m + n 
T(H)  < IS I + ( m -  21S]) _< m L3k/2J L3k/2j 

as claimed. | 

In deriving a corollary of Theorem 6.1, we shall rely on the observation made 
towards the end of the preceding section and on the following observation: 

if [al, bl] and [a2, b2] are points in A k with al  < a2 and if there is a k-graph H 
such tha t  bo th  [hi, bl], [a2, b2] are tight at H then there is no In, b] in E k with 
a I < a < a 2. 

(To see this, note first tha t  all [a, b] in Ak have a m  + bn >_ "r(H).) 

Theorem 6.2. Every  A k with k _> 2 has precisely two extreme points  [a, b] with 
a > Lk/2J/L3k/2J, namely, [Lk/2J/L3k/2J, 1/L3k/2j] and [1,0]. 
Proof.  Observe tha t  there are k-graphs H1, H2 such tha t  n l  = k, m 1 = 1, ~-(H1) = 1, 
and n2 = [3k/2~, m2 = 3, T(H2) = 2. Trivially, [1, O] E Ek.  The  other  point  is in 
A k by Theorem 6.1; to see tha t  it is in Ek,  consider H1 and H2. To see tha t  there 
is no [a, b] in E k with Lk/2J/ [3k/2J  < a < 1, consider H1. | 

In case k = 3, we can do a little better .  

Theo rem 6.3. A3 has precisely three ex t reme points  [a, b] with a >_ 1/6, namely, 
[1/6, 1/3], [1/4, 1/4], and [1, 0]. 

Proof.  Let H1 denote  the 3-graph with vertices 1,2,3,4 and edges 

123, 124, 134, 234; 

l e t / / 2  denote  the 3-gruph with vertices 1,2, . . .  ,9 and edges 

123, 456, 789, 147, 258, 369, 159, 267, 348, 168, 249, 357; 

note tha t  T(H1) = 2, T(H2) : 5. According to Theorem 6.2, [1/4, 1/4] is the last 
but  one extreme point  of A3. Then  Lemma 2.1 with a = b = 1/4 and d = 3 shows 
tha t  [1/6, 1/3] E A3; to see tha t  [1/6, 1/3] E E3, consider H1 a n d / / 2 .  To see tha t  
there is no [a, b] in E3 with 1/6 < a < 1/4, consider H1. | 

Incidentally, the 3 -g raph / /2  used in the proof  of Theorem 6.3 is the affine plane 
AG(2 ,3 ) .  Jamison [3] and Brouwer and Schrijver [1] proved tha t  "r(AG(d,q))  = 
d(q - 1) + 1. 

7. Two greedy algorithms 

Small transversals often (but not always) consist of vertices of large degrees. 
This observation motivates the following algorithm, which we shall call M A X .  

M A X  accepts any k-graph H as its input  and returns  a transversal T in H as 
its output .  It is initialized by setting T = 0 and H* = H.  As long as H* has at least 
one edge, the following iterative step is repeated: select a vertex v whose degree in 
H* is maximal,  add v to T, and delete v from H*. 
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The argument used to prove Theorem 2.2 yields readily the following result: if 
d is a positive integer then MAX, given any k-graph with n vertices and m edges, 
returns a transversal of size at most am + bn with 

d - I  
- a=l-I(k T);-;k'  =l-ae. 

i = 1  

In particular, if d and t are positive integers then MAX~ given any graph with n 
vertices and fewer than ( d + l ) t -  (d)n edges, returns a transversal of size at most 
t - 1. Thus M A X  will find in any graph a transversal of the size that  is guaranteed 
by Tur~n's theorem (to see this, set d = [n/(n - t)]). 

It may be interesting to note that  M A X  shares this property with another 
algorithm, which we shall call MIN. Whereas M A X  is driven by the idea of including 
vertices of large degrees, MIN is driven by the complementary idea of excluding 
vertices of small degrees. 

MIN accepts any graph H as its input and returns a transversal T in H as its 
output.  It is initialized by setting T = ~ and H* = H. As long as H* has at least 
one edge, the following iterative step is repeated: select a vertex v whose degree in 
H* is minimal, add all the neighbours of v to T, and delete all the neighbours of v 
as well as v itself from H*. 

ErdSs [2] proved that  MIN delivers a transversal of size t only if there is a graph 
G such that  G and H have the same set of vertices, G consists of n - t vertex-disjoint 
cliques, and the degree of each vertex in H is at least its degree in G. (It follows 
at once that  MIN will find in any graph a transversal of the size that  is guaranteed 
by Turs theorem.) To make our exposition self-contained, we reproduce ErdSs's 
argument here. 

Let us proceed by induction in the number of iterations. If MIN terminates 
instantly after initialization then we set G = H.  Now assume that  MIN goes through 
at least one iteration, let H 0 denote the value of H* after the first iteration, and let 
d + 1 be the number of vertices in H - H0. By the induction hypothesis, there is a 
graph G O such that  G o and H 0 have the same set of vertices, G O consists of n - t - 1 
vertex-disjoint cliques, and the degree of each vertex in H0 is at least its degree in 
GO. Since each vertex in H has degree at least d, we may let G consist of Go along 
with a clique on the d + 1 vertices of H - H 0. 

Note added in proof." In December 1990, A. Sidorenko informed us that  he had 
obtained results intimately related to our Theorems 6.1 and 6.3: see "On Turs 
problem for 3-graphs" (In Russian), Kombinatorii Analiz 6 (1983), 51-.-57 and "On 
exact values of Tur~n's numbers" (in Russian), Matematicheskie Zametki 42 (1987), 
751 -759. 
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